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Banach $X$ von Neumam-Jordan ($C_{NJ}(X)$ ) M.
Kato, Y. Takahashi ([8], [9], [10], [16], , , [3],
[6] ). , , $C_{NJ}(X)$ , om
non-square , super-reflexive , type, cotype $X$ $C_{Nj}(X)$
.
, $L_{p}$ $C_{Nj}(L_{p})$ , $C_{NJ}(L_{p})=2^{2/\min\{p,p\}-1}(Clarkson[3])$
. , $1\leq P\leq\infty,$ $1/p+1/p’=1$ . , $1\leq C_{NJ}(X)\leq 2$
, , $X$ Hilbert $C_{NJ}(X)=1$ (Jordan-von
Neumann[6] $)$ . , $C_{Nj}(X)$ 1
Banach $X$ .
, $\overline{C}_{NJ}(X)$ $X$ $C_{Nj}(X)$
, $\overline{C}_{NJ}(X)=1$ Banach ?
. Hilbert ? e.t.c.. ,
, , ([13]), , $\tilde{C}_{NJ}(X)=1$ ,
$X$ Hilbert Banach
.
, $\tilde{C}_{NJ}(X)$ Banach , Y. Takahashi and
M. Kato [17] $\tilde{C}_{NJ}(X)$ $L_{p}$ (
) B{m .
, (hyperplanary symmertry)
, Banach $C_{NJ}(X)$ 1
Banach .
2 Preliminaries
$X$ Banach , $X^{*}$ . , $B(X)$ $X$ $B(X)=$
$\{x\in X : ||x||\leq 1\}$ , $S(X)$ $X$ $S(X)=$ {$x\in X$ : | | $=1$}
.
1. $X$ von Neumann-Jordan (NJ-) $C_{NJ}(X)$ (Clarlson [3])
$C$ :
$\frac{1}{C}$ $\frac{||x+y||^{2}+||x-y||^{2}}{2(||x||^{2}+||y||^{2})}\leq C$ $\forall x,$ $\forall y\in X,$ $(x,y)\neq(-, 0)$ .
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(ii) $1\leq C_{NJ}(X)\leq 2$ ; $X$ Hilbert $C_{NJ}(X)=1$
(Jordan-von Neumam[6]).
(\"ui) $1\leq P\leq\infty,$ $1/P+1/p’=1$ , $C_{NJ}(L_{p})=2^{2/\min\{p,p’\}-1}(Clarkson[3])$
. , $x_{0}.\in X$ ,
$x_{0}^{*}\in X^{*},$ $x_{0}^{*}(x_{0})\neq 0$ , $x_{0}^{*}$ , $x\in X$ –
:
$x=ax_{0}+y$ $(a\in \mathbb{R}, y\in Kerx_{0}^{*})$ .
, $X$ $T:Xarrow X$ :
$T(x_{0},x_{0}^{*})x=-ax_{0}+y$ .
, $(x_{0}, x_{0}^{*})$ (hype$7planarysymmert\eta$)
.
$T\in L(X),$ $T^{2}=I$ . .
1. $x_{0}\in X,$ $x_{0}^{*}\in X^{*},$ $x_{0}^{*}(x_{0})\neq 0$ , :
(i) $T(x0, x_{0}^{*})$ .
(\"u) $||T(x_{0},x_{0}^{*})||=1$ .
(iii) $T(x_{0},x_{0}^{*})B(X)=B(X)$ .
(iv) $||x_{0}+y||=||x_{0}-y||(\forall y\in Kerx_{0}^{*})$
$X$ Hilbert , $(i)\sim(iv)$ x0 $kerx_{\dot{0}}$
(iv) .
2. $x_{0}\in X,$ $x_{0}^{*}\in X^{*},$ $x_{\dot{0}}(x_{0})\neq 0$ , .
$||T(x_{0},x_{0}^{*})||=||T(x_{0}^{*},x_{0})||$ .
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3Orthogonalities and von Neumann-Jordan constant
, Hilbert , von Neumann-Jordan s
Banach .
3 Hilbert , Banach
([4]).
2. (Isosceles othogonality): $x,$ $y\in X$ . $||x+y||=||x-y||$
, $x$ $y$ $I$ -odhogonal , $x\perp_{I}y$ .
3. Pythagoras (Pythagorean othogonality): $x,$ $y\in X$ . $||x||^{2}+||y||^{2}=$
$||x-y||^{2}$ , $x$ $y$ $P$-O hogonal , $x\perp_{P}y$ .
4. Birkhoff ( $B\dot{f}rkhoff$ othogonality): $x,$ $y\in X$ . $||x||\leq||x+\lambda y||$
$(\forall\lambda\in \mathbb{R})$ , $x$ $y$ $B$ -O hOgonal( , onhogonal) , $x\perp_{By}$
( , $x\perp y$) .
2 , , Pythagorae , Birkhoff –
.
5. $x,$ $y\in X,$ $\epsilon>0$ .
$(1-\epsilon)\sqrt{||x||^{2}+||y||^{2}}\leq||x-y||\leq(1+\epsilon)\sqrt{||x||^{2}+||y||^{2}}$ .
, $x$ $y$ $P_{e}-\circ\hslash hogonal$ , $x\perp_{P.y}$ .
6. $x,$ $y\in X,$ $\epsilon>0$ . $(1-\epsilon)||x||\leq||x+\lambda y||(\forall\lambda\in R)$ , $x$
$y$
$B_{\epsilon}$ -orthogonal , $x\perp_{B_{e}y}$ .
. $Y$ Banach $X$ .
$x\perp_{P}Y$ ( , $x\perp_{P}y\forall y\in Y$ ) $\Rightarrow x1_{I}Y,$ $Y1_{I}x\Rightarrow x\perp_{B}Y,$ $Y\perp_{B^{X}}$ .
3 (see [12]). $X$ Banach , $F$ $X$ , $\epsilon>0$
, $F\perp_{B_{\epsilon}}x$ $x(\neq 0)\in X$ .
A. $F$ Banach $X$ 2 , $x\in S(F)$ , $x\perp_{I}y$ ,
i.e., $||x+y||=||x-y||$ $y\in S(F)$ .
$\rho_{1}(t)=\sqrt{\max(0,\frac{1}{t^{2}}+\frac{2}{t}-2t^{2})},$ $\rho_{2}(t)=\sqrt{t^{2}+2t-\frac{2}{t^{2}}}(1\leq t\leq 2)$ , $\rho_{1},$ $\rho_{2}\in$
$C([1,2.]),$ $\rho_{1}(1)=\rho_{2}(1)=1T^{\backslash }$ , b $\rho_{1}$ , $\rho_{2}$ .
$p_{1},$ $\rho_{2}$ ,‘\mbox{\boldmath $\lambda$}\emptyset g\hslash l{\acute .
B. $x,$ $y\in S(X),$ $x\perp_{Iy}$ , .




C. $\epsilon>0$ , $\delta=\delta(\epsilon)\in(0,1)$ , $C_{NJ}(X)\leq\delta+1$
, $x,$ $y\in S(X)$ , :
$x\perp_{B_{\delta}y}\Rightarrow(1-\epsilon)\sqrt{\alpha^{2}+\beta^{2}}\leq||\alpha x-\beta y||\leq(1+\epsilon)\sqrt{\alpha^{2}+\beta^{2}}$ $\forall\alpha,$ $\forall\beta\in R$ .
1. $\epsilon>0$ , $\delta=\delta(\epsilon)\in(0,1)$ , $C_{NJ}(X)\leq\delta+1$ ,
$x,$ $y\in X$ , :
$x\perp_{B_{\delta}y}\Rightarrow x\perp_{P_{\epsilon}}y$ .
D. $\epsilon>0$ , $\delta=\delta(\epsilon)\in(0,1)$ , $C_{NJ}(X)\leq 1+\delta$
, $x,$ $y\in X$ , :
$x\perp_{I}y\Rightarrow x\perp_{B_{e}}y$.
E. $x_{0}^{*}(x_{0})\neq 0$ $x_{0}\in X,$ $x_{0}^{*}\in X^{*}$ $\epsilon>0$ , 3 :
(i) $||T(x_{0}, x_{0}^{*})||\leq 1+\epsilon$ .
(ii) $T(x_{0},x_{0}^{*})B(X)\subseteq(1+\epsilon)B(X)$
(iii) $\frac{1}{1+\epsilon}.B(X)\subseteq T(x_{0}, x_{0}^{*})B(X)$
2. $\epsilon>0$ , $\delta=\delta(\epsilon)>0$ , 3 :
(i) $C_{NJ}(X)\leq 1+\delta$ , $\forall x_{0}(\neq 0)\in X,$ $\exists x_{0}^{*}\in X^{*}(x_{0}^{*}(x_{0})\neq 0)$ :
$\frac{1}{1+\epsilon}B(X)\subseteq T(x_{0}, x_{0}^{*})B(X)\subseteq(1+\epsilon)B(X)$ .
(ii) $C_{NJ}(X)\leq 1+\delta$ , $\forall x_{0}^{*}(\neq 0)\in X^{*},$ $\exists x_{0}\in X(x_{0}^{*}(x_{0})\neq 0)$ :
$\frac{1}{1+\epsilon}B(X)\subseteq T(x_{0},x_{0}^{*})B(X)\subseteq(1+\epsilon)B(X)$ .
(iii) $C_{NJ}(X)\leq 1+\delta$ , $\forall x_{0},\forall y_{0}\in S(X)(x_{0}\neq yo),$ $\exists x_{0}^{l}\in X^{*}(x_{0}^{*}(x_{0}-y_{0})\neq 0)$ :
$T(x_{0}-y_{0}, x_{0}^{*})x_{0}=y_{0}$ , $\frac{1}{1+\epsilon}B(X)\subseteq T(x_{0}-y_{0}, x_{0}^{*})B(X)\subseteq(1+\epsilon)B(X)$ .
.
3. $\epsilon>0$ , $\delta=\delta(\epsilon)>0$ , 3 :
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(i) $\forall x_{0}(\neq 0)\in X,$ $\exists x_{0}^{*}\in X^{*}(x_{0}^{*}(x_{0})\neq 0)$ :
$\frac{1}{1+\delta}B(X)\subseteq T(x_{0}, x_{0}^{*})B(X)\subseteq(1+\delta)B(X)$ ,
$C_{NJ}(X)\leq 1+\epsilon$ .
(ii) $\forall x_{0}^{*}(\neq 0)\in X^{*},$ $\exists x_{0}\in X(x_{0}^{*}(x_{0})\neq 0)$ :
$\frac{1}{1+\delta}B(X)\subseteq T(x_{0}, x_{0}^{*})B(X)\subseteq(1+\delta)B(X)$ ,
$C_{NJ}(X)\leq 1+\epsilon$ .
(i\"u) $\forall x_{0},\forall y_{0}\in S(X)(x_{0}\neq y_{0}),$ $\exists x_{0}^{*}\in X^{*}(x_{0}^{*}(x_{0}-y_{0})\neq 0)$ :





(i) $X$ Hilbert .
(ii) $\forall x_{0}(\neq 0)\in X,$ $\exists x_{0}^{*}\in X^{r}(x_{0}^{*}(x_{0})\neq 0)$ :
$T(x_{0},x_{0}^{*})B(X)=B(X)$ .
(iii) $\forall x_{0}^{*}(\neq 0)\in X^{*},$ $\exists x_{0}\in X(x_{0}^{*}(x_{0})\neq 0)$ :
$T(x_{0}, x_{0}^{*})B(X)=B(X)$ .
(iv) $\forall x_{0},\forall y0\in S(X)(x_{0}\neq y_{0}),$ $\exists x_{0}^{*}\in X^{*}(x_{0}^{*}(x_{0}-y_{0})\neq 0)$ :
$T(x_{0}-y_{0}, x_{0}^{*})x_{0}=yo,$ $T(x_{0}-y_{0},x_{0}^{*})B(X)=B(X)$ .
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